The SM-like Higgs pair productions are discussed in the framework of the general CP-violating two-Higgs-doublet model, where we find the CP-violating mixing angles can be related to the Higgs self couplings. Therefore, the future experimental searches for Higgs boson pairs can be constrained by the improved precision of the electric dipole moment measurements. Based on a series constraints of the SM-like Higgs boson signal fits, the perturbative unitarity and stability bounds to the Higgs potential, and the most recent LHC searches for the heavy Higgs bosons, we suggest a set of benchmark models for the future high-energy collider searches for the Higgs pair productions. The e + e − colliders operating at √ s = (500 GeV , 1 TeV) are capable of measuring the Higgs cubic self couplings of the benchmark models directly. We also estimate the cross sections of the resonance contributions to the Higgs pair productions for the benchmark models at the future LHC and SppC/Fcc-hh runs.
Introduction
After the discovery of the 125 GeV Higgs boson at the LHC, 1, 2 the most important process to unveil the underlying EWSB mechanism is through the direct measurements of the Higgs self couplings. This can be done through the Higgs pair productions at both high-energy e + e − and pp colliders. The current LHC searches for the Higgs pair productions focus on the leading production channel of gluon-gluon fusion (ggF). From the experimental side, it is well-known that several future high-energy collider programs, such as the International Linear Collider (ILC) 3 in Japan, the Future eplus-eminus/hadron-hadron Cicular Collider (Fcc-ee/Fcc-hh) 4 at CERN, and the Circular electron-positron Collider (CEPC)/ Super-pp-Collider(SppC) 5 in China, have been proposed in recent years.
The CP-violation (CPV) 2HDM is likely to realize the EW baryogenesis, 6 which is one of the most popular solutions to the baryon asymmetry in the Universe. Wherein, the 125 GeV SM-like Higgs boson, often chosen to be h 1 , is a CP mixture.
7-11 Thus, the CPV couplings for the SM-like Higgs bosons are subject to the constraints from the searches for the electric dipole moments (EDMs).
a Together with other existing constraints to the CPV 2HDM, one can find the constraints to the heavy Higgs boson mass ranges and the Higgs cubic self couplings. Hence, the cross sections of the Higgs pair productions in the CPV 2HDM can be predicted at the future e + e − and pp colliders. Here, we study the Higgs pair productions in the framework of the CPV 2HDM, including the precise measurement of the SM-like Higgs cubic self couplings at the e + e − colliders, and the resonance contributions in the gluon-gluon fusion (ggF) production channel at the pp colliders. In Sec. 2, we review the setup of the CPV 2HDM. In Sec. 3, we impose constraints to the CPV 2HDM-II parameter space. The main results of the Higgs pair productions in the CPV 2HDM are presented in Sec. 4 . By combining the current constraints, a set of benchmark models are given. We estimate the physical opportunities of the precise measurement of the SM-like Higgs cubic self coupling λ 111 at the future high-energy e + e − colliders, with focus on the e + e − → hhZ process at the √ s = 500 GeV run. The heavy resonance contributions to the Higgs pair productions can become dominant at the pp colliders. The conclusions and discussions are given in Sec. 5.
The CPV 2HDM

The CPV 2HDM potential
A constraint between mixing angles and mass eigenvalues of neutral Higgs bosons are given as follows
with M 1 = 125 GeV assumed. The parameter inputs are simplified by requiring all heavy Higgs boson masses are degenerate, i.e., M 2 = M 3 = M ± ≡ M . This was usually taken to relax the constraints from the electroweak precision measurements. The constraint of Eq. (1) among the mixing angles becomes α b = 0 or t α = −1 . Below, we will always take α = −π/4. b Without loss of generality, we always take α c = 0 for simplicity. Thus, the set of input parameters can be summarized as a See, e.g., Refs. 13, 14 for recent reviews. b The study of the phenomenology with the CPV mixings of |α b | |αc| is carried out in a separate work. 15 Searches for Higgs Pairs in The CP-violating Two-Higgs-Doublet Model 3
3. The Constraints in The CPV 2HDM
The ACME experiment, 16 which searches for an energy shift of ThO molecules due to an external electric field, set stringent experimental bound to the eEDM as |d e /e| < 8.7 × 10 −29 cm. In the CPV 2HDM, the EDM d e are contributed by the two-loop Barr-Zee type h i γγ(h i Zγ) diagrams, 17 and the H ± W ∓ γ diagrams. The combined 125 GeV Higgs boson signal constraints and the eEDM constraints for the CPV 2HDM-II allow region of the CPV mixing angle up to |α b | 0.1, while the 1 σ allowed range of t β is basically around 1.0.
18 In order to highlight the CPV effects in the Higgs self couplings in the following discussions, we will focus on the CPV 2HDM-II with the fixed inputs of α = −π/4 and t β = 1.0.
To have a self-consistent description of the 2HDM potential, two other theoretical constraints should be taken into account, namely, the perturbative unitarity and the stability. 19, 20 We shall also take into account the constraints from the 7⊕8 TeV LHC searches for the heavy Higgs bosons in the 2HDM spectrum. Combining with the unitarity and stability constraints, we consider two scenarios of benchmark models for the |α b | = 0.1 and |α b | = 0.05 cases. 
Higgs Pair Productions at The Colliders
In this section, we study the SM-like Higgs pair productions in the framework of the CPV 2HDM.
4.1.
The precise measurement of λ 111 at the future e + e − colliders
The direct measurements of the Higgs self couplings can be achieved via the e + e − → hhZ process with the center-of-mass energy of √ s = 500 GeV. 
at the TLEP and ILC 500 GeV runs, with ξ 111 ≡ λ 111 /λ 
The pp
Now we present the results of the Higgs pair productions in the CPV 2HDM based on all previous constraints. The cross sections are obtianed by using the FeynRules 22 for model implementation and Madgraph 5.
23 From the previous estimation of the Higgs cubic self couplings for the M 2 = M 3 = 600 GeV case, we may either have the large resonance contributions or go to the regions with the vanishing resonance contributions of (λ 111 , λ 113 ) → (λ SM hhh , 0). In Fig. 2 , we display the LO cross sections of σ[pp → h 1 h 1 ] at the LHC and the SppC/Fcc-hh for the M 2 = M 3 = 600 GeV case. The solid curves represent the total cross sections. We also show the hypothetical cross sections by dotted curves, where we turn off the Higgs cubic self coupling of λ 113 and modify λ 111 . Thus, it is evident that the total cross sections approach to the SM-like Higgs pair productions with the modified cubic self couplings. On the other hand, the LO cross sections at the LHC (SppC) can be as large as ∼ O(100) fb (∼ O(6) pb) when the soft mass approaches to the stability boundary for this case.
Conclusion and Discussion
In this work, we study the Higgs pair productions in the framework of the CPV 2HDM-II by imposing theoretical and experimental constraints. The Higgs cubic self couplings play the most crucial role for the Higgs pair production. For our case, two relevant cubic self couplings are λ 111 and λ 113 , which are controlled by the soft mass term m soft and the CPV mixing angle of α b . The precise measurement of the SM-like Higgs cubic coupling of λ 111 can be achieved via the e + e − → h 1 h 1 Z process at the future high-energy e + e − colliders. The benchmark models in our discussions typically predict totally cross sections of σ[e + e − → h 1 h 1 Z] smaller than the SM predictions. The largest deviations of the SM-like Higgs cubic couplings λ 111 are likely to be probed at the future TLEP 500 GeV and ILC 1 TeV runs. At the future high-energy pp collider runs, the Higgs pair productions are very likely to be controlled by the heavy resonance contributions. In the allowed mass range of the heavy Higgs bosons, we find the total production cross sections to be σ[pp → h 1 h 1 ] ∼ O(10) − O(100) fb at the LHC 14 TeV runs. They can be as large as ∼ O (10 3 ) fb at the future SppC 100 TeV runs. The discovery of these channels will manifest the structure of the Higgs sector. Therefore, it will be very helpful to further study the higher-order QCD corrections as well as the collider search capabilities for such heavy resonance contributions to the Higgs pairs.
